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Abstract. This paper addresses of the advanced computational technique of 
steel structures for both simulation capacities simultaneously; specifically, they are 
the higher-order element formulation with element load effect (geometric 
nonlinearities) as well as the refined plastic hinge method (material nonlinearities). 
This advanced computational technique can capture the real behaviour of a whole 
second-order inelastic structure, which in turn ensures the structural safety and 
adequacy of the structure. Therefore, the emphasis of this paper is to advocate that 
the advanced computational technique can replace the traditional empirical design 
approach. In the meantime, the practitioner should be educated how to make use of 
the advanced computational technique on the second-order inelastic design of a 
structure, as this approach is the future structural engineering design. It means the 
future engineer should understand the computational technique clearly; realize the 
behaviour of a structure with respect to the numerical analysis thoroughly; justify the 
numerical result correctly; especially the fool-proof ultimate finite element is yet to 
come, of which is competent in modelling behaviour, user-friendly in numerical 
modelling and versatile for all structural forms and various materials. Hence the high-
quality engineer is required, who can confidently manipulate the advanced 
computational technique for the design of a complex structure but not vice versa. 
1.  INTRODUCTION 
Recent advances in structural engineering incorporating second-order inelastic behaviour, together 
with sophisticated element formulation and numerical technique of a global system, into the models 
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that permit realistic simulation and resolution of the global structural systems. This is particularly true 
and indispensable in large-scale structures where their weight effects must be minimized in the 
complicated form, such as aerospace structures, large span civil engineering constructions, and 
offshore structures, etc, which leads to enormous element number with intricate behaviour. Modern 
structural design is expected to overcome past challenges in efficient convergent rate, demanding 
lower amount of resources in terms of the element number and delivering better performance in terms 
of the degree of accurate behaviour to be captured through the second-order inelastic analysis. As a 
natural result, the second-order inelastic numerical technique for analysing the contemporary 
structures becomes a controversial and challenging research topic worldwide (Chan and Zhou (
[1][2]
); 
Iu and Bradford (
[3][4][5]
)). 
Izzuddin 
[6]
 developed the higher-order element formulation with the plasticity. Unfortunately, this 
approach is restrictive in the efficient convergence because of the plastic zone approach being 
adopted. On the other hand, the higher-order element formulation with the plastic hinge approach 
(one-element-per-member approach – Liew et al. 
[7]
; Chan and Zhou (
[8],[9]
)) was developed to 
replicate the second-order inelastic behaviour of a steel structure However, their approaches are also 
confined to the elasto-plastic material behaviour mainly. 
To be competent in the geometric and particularly material modelling capacity, the present study 
addresses of an advanced computational technique (second-order inelastic analysis), which 
incorporates the refined plastic hinges (inelastic behaviour including gradual yielding, full plasticity 
and strain-hardening effect) into the higher-order element formulation (using least element number to 
simulate the second-order member bowing effect on a whole system and accurate element solutions 
under element loads). Eventually, the present advanced computational technique can well replicate 
the second-order inelastic bahaviour in the simple, efficient, versatile, reliable and accurate manner.  
2.  DISPLACEMENT FUNCTION OF HIGHER-ORDER ELEMENT 
The deformations comprise the deformations u in the x direction, v in the y direction, w in the z 
direction and the twist φ about the x-axis. Based on the co-rotational coordinate system, the 
dependent variables of transverse deflections v and w are replaced by nodal rotations as θz and θy, 
about z- and y-axis, respectively, such as u = {u, θy, θz, φ}T. These rotations are the dependent 
variables in turn which define the transverse deflections in the element stiffness formulation. The 
higher-order transverse displacement-based interpolation function of an element not only fulfils the 
essential boundary condition (compatibility condition), but also natural boundary condition (force 
equilibrium equation), in which equivalent mid-span moment M0 and shear force S0 measure 
additional deflection along an element due to element load effect as given from Eqs (1) – (4). Further, 
the elastic material law follows in the higher-order element function as written as 
0=v    and   1z
x
v θ=
∂
∂
   at ζ = 0            (1) 
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0=v    and   2z
x
v θ=
∂
∂
   at ζ = 1,           (2) 
while the equilibrium equation of bending and shear force given by 
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or 0
2
02211 SLNMLNLNLNv smzz +−+= θθ         (7) 
N1, N2, Nm and Ns are displacement functions with respect to rotations at first and second node, and 
element load contributed from moment and shear force components, respectively; the equivalent mid-
span moment 0M  and shear force 0S  under the different sorts of element load are partially given 
in [10]; q is axial load parameter, in which positive sign means in tension, and vice versa. 
3.  ELASTIC HIGHER-ORDER ELEMENT FORMULATION 
The element resistance or the secant stiffness formulation can be obtained from the first variation of 
the total potential energy equation Π. 
( ) ( )
( ) ( )
( ) ( ) 




+
−
+
−+






+
+++
−
+
+++
+






+
+++
+
+
+++
=
∂
∂
=
2
0
2
2
0
2
22
3
420
112
5
29
2
3
1260
232
7
61
12
3
420
112
5
29
2
3
1260
232
7
61
1
1
8063048210
48
2882304
80
80019200
48
2882304
80
80019200
q
LSq
q
Mq
L
EI
q
qqq
q
qqq
L
EI
q
qqq
q
qqq
L
EIU
M
α
α
α
α
α
α
α
θ
θ
θ
 (8) 
389
M Trifunovic and CK Iu 
or ( )LSCMCCC
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Cm and Cs provoke the second-order moment from the moment and shear force components 
respectively due to coupling effect of both axial loads and lateral element loads, whereas bm1, bm2, bs1 
and bs2 exhibit axial force resistance subjected to the coupling effect between the axial loads and the 
lateral element loads as given in [10] basically.  
The tangent stiffness of the present beam-column element can then be written in Eq. (13), which 
relates the incremental deformation to the corresponding external loads imposed on an element in the 
member coordinate. 
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in which the coefficients Gn and H expressed in the tangent stiffness formulation in Eq. (13) are to 
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measure the coupling effect between axial load and bending effect as listed in [10]. I is the second 
moment of inertia about the axis in which the buckling effect is considered. Also ξz=Iz/I and ξy=Iy/I. The 
tangent stiffness matrix should assemble and transform into global coordinate as written in Eq. (14), 
as the incremental nodal displacements of a structure can then be obtained by tangent stiffness 
relationship. 
( ) T
elements
T
elements
T
LNTKTLLKLK ∑∑ +== teT
,          (14) 
in which T is transformation matrix relating the member forces to element force in local coordinate. L 
is the transformation matrix from local ordinate to global coordinate. And N is a stability matrix to allow 
for the work done of rigid body motion. 
The moderate or large rotations at the end nodes of a higher-order element can be replicated by the 
co-rotational approach, when a joint orientation matrix ∆L of a higher-order element is attached at its 
end nodes as written in Eq. (15), 
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in which zzyyn ∆Θ∆Θ−∆Θ∆Θ−=∆Θ sinsinsinsin1cos is unit directional cosine of an 
element; ( ) Lvvz 12sin ∆−∆=∆Θ  is incremental rotations excluding rigid body motion in z-axis; 
( ) Lwwy 12sin ∆−∆=∆Θ  is incremental rotations excluding rigid body motion in y-axis; 
( ) 221 φφ ∆+∆=∆Θ x  is incremental rotations excluding rigid body motion in x-axis, and then 
updated to be the latest transformation matrix Li+1 of a higher-order element through the incremental 
rotations in the incremental-iterative procedure as descripted as Eq. (16). 
iii LLL ⋅∆= ++ 11 ,               (16) 
It should be noted that all rotations in the transformation system is with respect to the incremental 
rotations of a higher-order element at the latest (i+1)-th iteration. And the incremental rigid body 
motion is assumed to be finite or linear characteristic. 
4.  REFINED PLASTIC HINGE FORMULATION 
The Section 3 refers to the second-order elastic analysis of a higher-order element, whereas the 
nonlinear material constitutive law in terms of the refined plastic hinge stiffness approach is discussed 
in this Section. The incremental plastic hinge stiffness [11] is written, 
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in which the incremental spring stiffness ∆S is such that ∞ > ∆S > 0, in which infinity and zero mean 
elastic and fully yielded, respectively; µ is strain-hardening parameters, of which the strain-hardening 
behaviour was first introduced by Iu and Chan [12] in the plastic hinge approach. The incremental 
spring stiffness is incorporated into the secant and tangent stiffness formulation as written in Eqs. 
(8) – (13), of which is described in [5] comprehensively. 
The refined plastic hinge undergoes the partial or gradual yielding (incremental spring stiffness ∆S, i.e. 
∞ > (1-φf(f))/(φi(f)-1) > 0), when the vector of actions at a node f are such that initial yielding function 
φi(f) exceeds unity but full yield function φf(f) is less than unity. The load vector f is such that full yield 
function φf(f) exceeds unity (i.e. ∆S=0) in full-plasticity. When the element experiences strain-
hardening behaviour after full plasticity, µ is a certain value but greater than zero.  
The material behaviour being formulated by the incremental plastic hinge spring stiffness includes 
gradual yielding, full plasticity and strain-hardening effect under both axial and bending effect, which 
is beneficial to study the inelastic buckling at the element level, and thereby superior over the 
conventional plastic hinge approach. 
5.  SYSTEM SOLUTION PROCEDURES 
To evaluate the second-order inelastic behaviour of a whole structural system, the equilibrium 
solution at the nodes at global system level can be enforced through the incremental-iterative solution 
procedures with recourse to the incremental force equilibrium equation at i-th iteration at the n-th load 
increment, which is formulated by using the tangent stiffness KT, as given, 
n
iT
n
is
nn
i
nn
uKuKfRff ∆=−=−=∆
           (18) 
The unbalanced force 
n
f∆  between external loads nf  acting at the nodes and nodal element 
resistance 
n
iR  at global system level is equivalent to the incremental nodal deformations 
n
iu∆  
times the tangent stiffness of a structure KT. Thus, the incremental nodal deformations can be written 
as, 
n
T
n
i fKu ∆=∆
−1
               (19) 
The change of geometry of a whole structure can be measured by updating the global coordinate at 
the nodes of a structure, which is equivalent to the accumulation of total deformations at the nodes of 
a structure as given, 
n
i
n
i
n
i uuu ∆+=+1                (20) 
At the meantime, the transformation system between global and local coordinates L is updated 
through the co-rotational approach as given in Eq. (16) to measure the latest change of geometry of a 
whole structural system at the co-rotational approach, which is used to evaluate the latest element 
resistance 
n
i 1+R . 
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According to the incremental formulation in the element resistance evaluation (incremental secant 
stiffness formulation) which is compatible with the incremental spring stiffness formulation as 
described in Section 4, the element resistance 
n
i 1+R  relying on accumulation of incremental element 
resistance 
n
iR∆  through the incremental deformations 
n
iu∆ , as written, 
n
i
Tn
i uLu ∆=∆ ;
n
is
n
i uKR ∆= ;
n
i
n
i
n
i RLRR ∆+=+1        (21);(22);(23) 
in which 
n
iu  and 
n
iR  are respectively total deformations and nodal element resistance at element 
level. The unbalanced force at n-th load increment is therefore obtained as, 
n
i
nn
1+−=∆ Rff                (24) 
The above process is repeated until the unbalanced forces 
n
f∆  at the nodes are eliminated, at 
which the equilibrium solutions at n-th load increment at the nodes can be attained, and the next 
(n+1)-th load increment 
1+n
f  as given in Eq. (24) should begin until numerical instability. 
6.  NUMERICAL EXAMPLES 
This section verifies the modelling capacity of the present advanced computational method in the 
context of the higher-order element formulation and the refined plastic hinge method; especially the 
geometric and material nonlinearities for the sake of design purpose of a structure. Apart from the 
competent modelling capacity, the present approach can simulate these nonlinearities with the least 
element number for an entire structure. Therefore, a few of examples are to verify the material and 
geometric nonlinear effects. 
6.1  Fixed end beam with an asymmetric point load 
This example exemplifies the material yielding due to bending only and load redistribution in the 
presence of plasticity of a fixed end beam. Liew et al. [13] studied this problem by both a refined 
plastic hinge method (elastic-gradual-plastic) and a hinge-by-hinge method (elastic-plastic), whereas 
Iu and Bradford [5]Error! Reference source not found. were through the refined plastic hinge 
method (elastic-gradual-plastic-strain hardening) as demonstrated in Fig. 1, but no strain-hardening 
behaviour is in effect in this modelling. The present method can replicate the inelastic behaviour of the 
fixed end beam very well with both approaches as shown in Fig. 1, at which the load factor PL/Mp is 
plotted against the normalised deflection ∆EI/MpL
2
 as location 2. The refined plastic hinges are formed 
for gradual and full yielding in sequence (1→2→3) due to load redistribution as given in Fig. 1, of 
which indicates the load factor at various material yielding stages, such as gradual and full yielding. 
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Figure 1: Normalized dimensionless load-deflection curve of a fixed end beam 
6.2  Column buckling by the design code and present numerical technique  
 
 
 
 
 
 
 
 
 
 
 
Figure 2: Load-deflection curve of a column is subjected to axial compression  
This example studies the column buckling (i.e. P-δ effect) of a column, whose geometry and 
properties are given in Fig. 2. The behaviour of this column is studied by the design code [14], of 
which the ultimate load capacity is 6.85. When a mid-span plastic hinge is anticipated, the numerical 
modelling of this column is divided by 2 present higher-order elements. It is very close to those from 
present method as stated in Fig. 2. Hence the present advanced computational technique can 
capture the inelastic buckling, when the partial yielding at mid-span occurs at λp=6.55 and the 
mechanism is formed at λf=6.8. Therefore, the advanced computational technique can provide all 
range behaviour of a member as well as a whole structure instead of mere the ultimate load. As a 
result, this approach gives an overall picture for the structural engineers to make a holistic decision. 
6.3  ECCS calibration frame for material behaviour 
This frame in Fig. 3 is a benchmark solution by the ECCS for verifying the inelastic behaviour using 
the second-order inelastic analysis, at which includes gradual and full yielding, P-∆ and P-δ effect. 
L/3 2L/3
P δ
1 2 3
Gradual yielding: <λ1, λ2, λ3>=<5.42, 7.39, 8.35> 
Fully yielded: <λ1, λ2, λ3>=<8.66, 8.86, 9.01> 
∆ 
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Vogel [15] studied this calibration frame by both plastic hinge and zone methods as depicted in Fig. 3. 
In this numerical model using the present advanced computational technique, only one higher-order 
element is required for each member. The present method can capture the inelastic behaviour of the 
ECCS calibration frame very well as seen in Fig. 3. The ultimate load level from the present method is 
1.03, which are similar to 1.02 and 1.07 from plastic zone and plastic hinge method, respectively. The 
plastic hinges are formed at the top of the both columns, so the one element per member is justified. 
Therefore, this example can verify the second-order inelastic behaviour being captured by the present 
advanced computational technique. It means this approach can help safeguard the structure against 
the detrimental second-order inelastic effect for design purpose. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3: Load-deflection curve of the ECCS calibration frames for the inelastic analysis 
7.  CONCLUSIONS 
This paper shows that the higher-order element stiffness formulation with the refined plastic hinge 
approach, at which using the least elements for a structure can replicate the material (including 
gradual, full yielding and strain-hardening effect) and geometric (including P-δ and P-∆ effect) 
nonlinearities in the effective, accurate and efficient manner. Unfortunately, the fool-proof ultimate 
element is yet to come. For example, the restrictions encountered includes, 
1) The formulation of spring is always at the nodes, since it breaks the continuity assumption, while 
being formulated along an element. 
2) It is hard to preserve competent material modelling and the modelling of second-order bowing 
using an element, because they are reliant on incremental and total equilibrium equation, 
respectively. Total plastic equilibrium equation is not straight forward to formulate. 
3) For most of the finite element approach, they can hardly simulate the local effects, such as local 
buckling, fracture, etc., because 1D finite element formulation makes use of the governing 
equation of an overall element. 
Therefore, it means the high-quality engineer must understand the capacity of the second-order 
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inelastic analysis clearly whether or not the analysis can replicate the corresponding behaviour for the 
design of a structure, when different nonlinear analyses have their own restrictions so far; it is 
particular true when the fool-proof ultimate element is yet to come. At last, the great responsibility (for 
the engineer) comes from the great power (from the advanced computational technique). 
REFERENCES 
[1] Chan SL, Zhou ZH. Pointwise equilibrating polynomial element for nonlinear analysis of frames. 
Journal of Structural Engineering ASCE 1994; 120(6): 1703-1717. 
[2] Chan SL, Zhou ZH. Second-order elastic analysis of frames using single imperfect element per 
member. Journal of Structural Engineering ASCE 1995; 121(6): 939-945. 
[3] Iu CK, Bradford MA. Second-order elastic analysis of steel structures using a single element per 
member. Engineering Structures 2010; 32: 2606-2616. 
[4] Iu CK, Bradford MA. Higher-order non-linear analysis of steel structures Part I: Elastic second-
order formulation. International Journal of Advanced Steel Construction 2012; 8(2): 168-182. 
[5] Iu CK, Bradford MA. Higher-order non-linear analysis of steel structures Part II: Refined plastic 
hinge formulation. International Journal of Advanced Steel Construction 2012; 8(2): 183-198 
[6] Izzuddin BA. Quartic formulation for elastic beam-columns subject to thermal effects. Journal of 
Engineering Mechanics ASCE 1996; 122(9): 861-871. 
[7] Liew JYR, Chen H, Shanmugam NE, Chen WF. Improved nonlinear plastic analysis of space 
frame structures. Engineering Structures 2000; 22: 1324-1338. 
[8] Zhou ZH, Chan SL. Elastoplastic and large deflection analysis of steel frames by one element 
per member. I: One hinge along member. Journal of Structural Engineering 2004; 130(4): 538-
544. 
[9] Chan SL, Zhou ZH. Elastoplastic and large deflection analysis of steel frames by one element 
per member. II: Three hinges along member. Journal of Structural Engineering 2004; 130(4): 
545-533. 
[10] Iu CK, Bradford MA. Novel non-linear elastic structural analysis with generalized transverse 
element loads using a refined finite element. (submitted) 
[11] Iu CK, Bradford MA, Chen WF. Second-order inelastic analysis of composite framed structures 
based on the refined plastic hinge method. Engineering Structures 2009; 31(9): 799-813. 
[12] Iu CK, Chan SL. A simulation-based large deflection and inelastic analysis of steel frames under 
fire. Journal of Constructional Steel Research 2004; 60: 1495-1524. 
[13] Liew JYR, White DW, Chen WF. Second-order refined plastic hinge analysis of frames. Structural 
Engineering Report CE-STR-92-12, 1992; Purdue University, West Lafayette, Indiana. 
[14] AS4100 – 1988: Design of steel structures, Australian Standard. 
[15] Vogel U. Calibrating frames. Der Stahlbau 1985; 10: 296-301. 
396
